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Pressure filtration is a common industrial process used for solid-liquid separation and
laboratory technique used to measure the compressional rheological properties of sus-
pensions. Traditional approaches to the modeling of constant pressure filtration behavior
of particulate systems stipulate quadratic behavior of time with filtrate volume. However,
this is not necessarily a fundamental attribute of pressure filtration, but rather a result of
the assumptions made of the compressibility and permeability of the material. This work
solves diffusion-type constant pressure filtration governing equations using a finite-
difference technique to demonstrate that filtration, under certain circumstances, is ex-
pected to show negligible quadratic behavior. Materials that exhibit such behavior have
often been classified as nontraditional and methodologies have been developed to inter-
pret such trends. This work illustrates that such behavior is in fact covered by extant
filtration models and does not require any extra interpretation of the forces involved.
Furthermore, it is shown that traditional or nontraditional behavior is dependent on the
initial solids concentration and the applied pressure, such that the filtration of a suspen-
sion may show relatively long cake formation times at low initial concentrations or
pressures, and relatively short times at high initial concentrations or pressures. © 2005
American Institute of Chemical Engineers AIChE J, 51: 2481-2488, 2005
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Introduction

Understanding the behavior of solid-liquid systems in de-
watering is important to many industries involving a range of
processes from the thickening of minerals tailings to the ultra-
filtration of proteins. The dewatering behavior in filtration,
thickening, and centrifugation is described well by compres-
sional rheology in which the equilibrium extent and rate of
separation are determined by the compressibility and perme-
ability, respectively. The compressibility and permeability of
particulate systems are typically measured using a pressure
filtration cell by recording the volume of filtrate with time.!
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Models of constant pressure filtration>5 indicate that the filtra-
tion time ¢ is quadratic with the specific filtrate volume V,
during cake formation, followed by a logarithmic dependency
(to first order) during cake compression. An example of a
typical dead-end filtration experimental curve is shown in
Figure 1, with a guideline to illustrate the quadratic behavior.
The permeability can be determined from the slope of the 7 vs.
V2 linear section, and a measure of the compressibility from the
equilibrium height. Multiple-pressure tests are one method
used to give the material characteristics over a range of solids
concentrations (measured as solids volume fraction, ¢) in a
relatively short timescale.”

A wide range of particulate suspensions from the minerals,
water, pigments, and ceramics industries (many of them floc-
culated) show filtration behavior typified by long cake forma-
tion times (up to 85% of the total time) followed by short
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Figure 1. Example of experimental results for traditional

filtration.

compression times. Indeed, the extraction of the parameters
used in filtration prediction usually relies on this behavior. The
term “traditional ” is used in this work to describe relatively
long cake formation times.

On the other hand, very different filtration profiles are ob-
served for many sludges containing high molecular weight and
crosslinked biomolecules,?-!° including waste materials from
the dairy industry or starch-rich sludges. These materials are
sometimes classed as “supercompactable.” '! In constant pres-
sure filtration, such sludges tend to show little or no cake
formation followed by a long compression phase, as illustrated
in Figure 2. Such behavior is termed “nontraditional ” in this
work.

For the data shown in Figure 2, it is difficult to extract
permeability or compressibility parameter information from a
single pressure run. Traditional filtration methods of using the
slope of the linear section of the plot to extract parameters such
as the hindered settling function or specific cake resistance
(both related to the permeability) are inaccurate, given that
short formation times and equilibrium compressibility data are
obtained only after extremely long filtration times. Errors as-
cribed to evaporation and/or ageing of the sludge then compete
with the accuracy of the compressibility determination. Thus,
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Figure 2. Example of experimental results for nontradi-
tional filtration behavior.
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Figure 3. 1-D pressure filtration (¢, > ¢,).

multiple- or stepped-pressure techniques are unsound. Casa-
grande’s log-time method for the determination of the consol-
idation coefficient ¢, cannot be used because of the assumption
of small strains.!?

In recent work, Tiller and coworkers!? measured the volume-
average material properties of solidosity, permeability, and
specific cake resistance using a stepped-pressure permeation
technique, and define a class of materials as supercompactable
based on the parameters used for the functional forms of the
properties. As well as the difficulties using a multiple-pressure
technique, the application of average properties over large
volume fraction changes can be misleading,'* and the theoret-
ical approach requires empirical constitutive equations to be
known a priori.

Aside from experimental difficulties associated with dewa-
tering parameter determination, the question arises as to
whether extant theory is capable of predicting such nontradi-
tional behavior or whether extra forces are involved. An ex-
emplary approach invoking extra forces is the recent approach
used by Keiding and Rasmussen,'> where a term postulated as
being attributed to the osmotic pressure of the filter cake was
used in a phenomenological description of nontraditional fil-
tration.

The key purpose of this work is to dispel the myth that the
mechanics of filtration for supercompactable materials are dif-
ferent from other particulate materials by exploring the circum-
stances when the theory of Landman and White,'¢ solved using
a computational numerical method, is capable of predicting
nontraditional constant pressure filtration behavior.

Theory

Figure 3 shows a one-dimensional (1-D) pressure filtration.
A suspension of initial solids volume fraction ¢, is loaded into
a filtration cell. A piston at height A(7) is used to apply a
pressure to the suspension to force water through a semiper-
meable membrane. Consolidation occurs and water is exuded
until the material reaches its equilibrium compressibility limit
¢.., for the given applied pressure AP. Buscall and White!”
presented a phenomenological model of solid-liquid separation
in which the hindered settling factor R(¢) and the compressive
yield stress P (¢) are local solids volume fraction—dependent
parameters, allowing the situation to be described by a diffu-
sion-type partial differential equation. R(¢p) is a measure of the
hydrodynamic drag between the fluid and the particles. P (¢) is
a measure of the particulate network strength—a network is
able to withstand a certain load, and fails if the load is ex-
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ceeded. Thus, P (¢) gives the compressibility limit in pressure
filtration: Py((l)w) = AP. P (¢) is zero for concentrations below
the gel point ¢,, which is the concentration at which a network
forms.

By balancing the mass and momentum equations of two-
phase flow in solid-liquid separation, the overall governing
equation for constant pressure filtration is given by the follow-
ing partial differential equation®

ap 9 o dh(t)
T D(d))az_d)dt] (1

Gravity is assumed to be negligible in Eq. 1, which is valid for
most flocculated systems where gravity-settling timescales are
much larger than pressure-filtration timescales.'® The solids
diffusivity D(¢) gives an overall measure of the dewaterability
of a material and is analogous to the consolidation coefficient
¢,, used by geotechnical engineers. It is defined by the ratio of
the compressibility [as dP(b)/d¢] and R(¢)

dP(¢) (1 - ¢)*
d¢  R(d)

D(¢) = 2

The initial and boundary conditions for the problem are
stated as follows

P[0, )] = P(p.) = AP (3)
I

5z [0, 1]=0 “)

d(z, 0) = ¢ (5)

Equation 3 is derived>:'® by combining the particle and fluid
pressures at the membrane and assuming that the membrane
resistance R, is zero (such that the fluid pressure is zero). This
is a reasonable assumption for impermeable suspensions and
clean membranes, given that R,, is negligible compared to the
resistance of the cake.!$-1° Equation 4 is a consequence of equal
solid and liquid velocities at the piston, indicating that there is
a moving boundary condition at the piston, given that % is a
function of f. The initial condition (Eq. 5) contradicts the
boundary condition at the membrane (Eq. 3), indicating that the
solution also has an internal moving boundary condition at
z.(t). This internal boundary represents the top of the cake.
Material above the cake is at the initial concentration: ¢(z >
z.) = ¢,. For ¢y < ¢, the top of the cake is discontinuous (that
is, there is an abrupt change in concentration from the top of
the cake to the bulk suspension), with ¢(z., 1) = ¢, and
ddldz = 0. For ¢y > d,, the top of the cake is continuous
[d(z. , 1) = ¢y and dd/dz = 0]. For the case when ¢, > ¢, and
R,, is included, this internal boundary does not exist.2 Only the
R, =0, ¢y > ¢, case is considered here.

The overall conservation of particle volume is given by ¢,
and the initial piston height A, such that
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h(r)
J' d(z, )dz = dohy (6)

0

Change of variables

Landman and WhiteS simplified the problem by scaling the
parameters z, h(t), and ¢ to Z, H(T), and T, respectively, con-
verting Z to a material coordinate w, and substituting void ratio
e, for ¢ such that

_z
zZ= g (N
h(t)

H(T) = hy ®)

(e
=% ®

where

D, = D(¢.) (10)

The material coordinate w encompasses the entire filtration
cell, such that w(0, 7) = 0 and w[H(T), T] = 1, and is given by

w(Z, T) =¢1)f &(Z, T)dZ (11)

The void ratio (the ratio of the liquid volume to the solid
volume) is related to the volume fraction by

-1 (12)

1
e=—
¢
The variable e should not be confused with the porosity e,
which is the ratio of the liquid volume to the total volume (g =

1 — ¢). Using these substitutions (Eqs. 7-12), the problem is
restated as a simpler second-order diffusion-type equation

de 9 A de 13
9T = aw | A o (13)
where
¢°D(¢)
Ae) = g (14)
The boundary and initial conditions are restated as
0, 7) : 1 (15)
e(0,7)=e.,=———
¢..
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de B
%(1, T)=0 (16)

1
e(w,0) =¢,= . 1 (17)

Introducing w removes the moving boundary condition at the
piston, but does not remove the internal moving boundary
condition (Eqs. 15 and 17 still contradict each other).

Linear approximation

Landman and White> showed that by introducing an approx-
imation for A(e), A, the overall governing Eq. 13 has analyt-
ical solutions for cake formation and cake compression. The
approximation for A(e) is to replace it with a step function of
unit height A,

1 eSe*}

Aeﬁ': 9(3*_9):{0 e > e* (18)

A effectively shifts the gel point to e*, such that de/dT = 0
for e > e*. Because of the internal moving boundary, there are
two regions: one of cake growth (¢ = e*) and one of constant
concentration (e = e,). The choice of e* ensures that A, is
scaled so that the value at e,, and the area under the A(e) curve
from e, to ¢, are preserved. The suggested form for e* is

e* =e,+ ‘fo A(e)de (19)

ex

Thus, the approximation is dependent on both ¢, and e, and is
therefore dependent on the operating conditions of ¢, and AP.
The corresponding approximation to D(¢), D, given by com-
bining Egs. 14 and 18, is hyperbolic in nature

0 b < Pp*
D= 4’3?00 6= o (20)

The solution indicates that before a critical time 7, a cake
forms above the membrane and H? is linear with T. At T, the
growing cake reaches the piston and the cake begins to com-
press. A Fourier series that is logarithmic to first order gives the
solution in the compression region. The linear approximation
has been shown to satisfactorily predict filtration for many
materials, including mineral tailings,?! clays,'® and water-treat-
ment sludges.?>23 These materials generally show traditional
behavior and exhibit increasing or constant D(¢) from ¢, to
...

By this rationale, the filtration behavior is nontraditional
when 7, is small relative to the overall filtration time. 7,. must
always be positive when R,, = 0 because there is always a
finite time taken for the shock at (0, 0) to propagate to the
piston. For R, # 0, ¢, > ¢,, T. is zero. Thus, the linear
approximation fails when ¢* <¢, because T,. <0. For T, =0,
e* =e,. Thus, from Eq. 19

2484
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ey — €= J“’ Ae)de (21)

ex

A crude approximation to the integral is made using the trape-
zium rule

[} eO — e:x:
f A(e)de = 5 [1+ A(ey)] (22)

ex

Thus, as a rule of thumb, A(e,) > 1, or A(e) must increase from
e, to ey, for T, to be small. Correspondingly, D(¢g) > D..(d../
¢o)?* [that is, D(¢) significantly decreases] for the filtration
behavior to show relatively short cake formation times. From
the definition of D(¢) (Eq. 2), dP(¢)/d¢ must increase at a
slower rate than R(¢) with increasing ¢.

Although the linear approximation provides insight into the
relative cake formation time, it is shown later that 7, is under-
estimated for certain conditions when ¢* decreases toward ¢,
which is precisely the area of interest in this work. As a result,
a numerical algorithm using finite differences will be used to
solve the filtration equation.

Finite-difference method

Finite-difference methods are well-established numerical
methods requiring computational solution.?* An explicit central
difference approximation is used here to solve the governing
equation. In explicit form, Eq. 13 becomes

de  9°8(e)
ﬁ: o’ (23)

where 8(e) is the integral of A(e)

d(e) = J’ A(e)de (24)

The material coordinate w is divided into J discrete lengths
of Aw and the time dimension into N discrete steps of AT. The
void ratio at time n + 1 and position j is given by Eq. 23 using
a central difference approximation in Aw and a forward differ-
ence approximation in AT

AT
€ur1j = €,; + Aw? [8(en,j+l) - 25(3n,1) + a(en,j—l)] (25)

The initial and boundary conditions (Egs. 15-17) in discrete
form become

€pio = € (26)

AT
Chi1g = €y — 2 Aw? [3(6;1,1) - 3(6;1,1—1)] 27

€9 = €o (28)
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The factor 2 in Eq. 27 arises from the central rather than the
backward difference approximation to Eq. 16.2 Equations
25-28 give a complete description of 1-D constant pressure
filtration—if all the values of e, j are known, the finite-differ-
ence equation can be solved for e, ;. The void ratio distribu-
tion at time n + 1 is averaged over all j values to give the
average volume fraction (¢),,, ;, the piston height 4, ;, and the

specific filtrate volume V,,, ;.

1
(s = J (29)
1
IR DL
Jj=0
hOd)O
hyoy = 30
T e 30)
Vn+l = hO - hn+l (31)

The accuracy and required computational time of the finite-
difference method depends on the size of the length step Aw
(the accuracy is of order Aw?) and thus the value that is chosen
for the number of steps J. J is chosen to keep the error of the
finite approximation small—in this case, / = 100. The time
step AT is given by the convergence and stability criteria of the
finite approximation?>

Aw?

AT N e

(32)

For the explicit scheme, r = 1/2 gives a local truncation error
of order (AT) and (Aw?),2* which is the value chosen here.

Material Characteristics

The dewatering characteristics of a particulate system are
presented as compressive yield stress P (¢) and hindered set-
tling function R(¢). There are a number of functional forms
used in the literature to describe these volume fraction—depen-
dent functions. The power-law functions used in this paper are
given by Eqs. 33 and 34,'¢ but are chosen only to show a type
of behavior in the material characteristics

0 b <o,
P() = pl[(;i) “_1] o= b, (33)
R(d) = r(1 = ) (34)

Substituting into Eq. 2 gives the solids diffusivity D(¢)

0 o= d’g} (35)

P& = {4401~ g0 4= o

where
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Figure 4. Plot of D(¢) showing ¢.. and the range of ¢,
values used for modeling variable initial con-
centration.

PPz
d, =
: rld)zz

d2:p2_1 d3:2_r2 (36)

For this power-law functional form, D(¢) has a maximum
(D,u) at &,,..., as shown in Figure 4

by = d, . p2— 1
" dstd, p,—r,t+ 1

(37

For many particulate systems, D(¢) has been shown to be
monotonically increasing and the filtration behavior shows the
traditional long cake formation and short cake compres-
sion.'821-23 This work investigates the consequences of D(¢)
exhibiting a turning point or decreasing over the volume frac-
tion range from ¢, to ¢... For D(¢) to show this behavior, the
P (¢) of the material must be a weak function of ¢ [that is,
dP (¢)/d¢ is low] and R(¢) is a strong function of ¢. Unpub-
lished data from our laboratory suggest that suspensions of
large crosslinked biomolecules such as sewage or dairy slud-
ges, which have weak, deformable structures, exhibit such
behavior. The parameters used in Eqgs. 33 and 35, given in
Table 1, are chosen to demonstrate a type of behavior rather
than to explicitly predict a given filtration time. These values,
based on a material with low permeability but high compress-
ibility, are not representative of any particular material. From
the parameters given in Table 1, ¢, is 0.250 v/v.

max

Table 1. Material Property Parameters

Parameter Value
¢, 0.01 v/v
P 1.00 Pa
D> 3.00
d, 1.00 X 107° m?*/s
d, 2.00
dy 6.00
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Figure 5. Finite-difference modeling predictions of con-
stant pressure filtration for ¢, = 0.60 v/v with
varying .

Modeling Results

The filtration model is used in conjunction with the material
characteristics above to generate results of ¢ vs. V> for two
scenarios:

(1) Variable ¢, values with constant AP

(2) Variable ¢., values with constant ¢,

For illustration purposes, V is scaled with the equilibrium
specific filtrate volume V., and ¢ is scaled with #, the time taken
to reach a fraction f of V. such that nontraditional behavior is
observed when #/t; vs. VIV, deviates from linearity at early
relative times. In the examples shown here, fis chosen as 0.99.
V.. is given by a volumetric balance

V.= h0<1 - %) (38)

where hj, is constant at 0.04 m for all the examples. Varying A,
would not affect the relative formation time, given that both ¢
and V? vary with hZ.

Variable initial volume fraction

The finite-difference method is used to generate filtration
curves at an applied pressure (AP) of 216 kPa (corresponding
to a final volume fraction, ¢.,, of 0.6 v/v) for a range of initial
concentrations, ¢, = {0.04, 0.05, 0.075, 0.10, 0.15, 0.25} v/v.
¢y is >, to avoid the discontinuity at z.. These ¢, values are
chosen to sample different portions of the D(¢) curve for use
in the model (see Figure 4), with D(¢,) values from less than
D, up to D,,,,, such that D(¢) is either increasing and then
decreasing or predominantly decreasing.

The modeling results of #/1; vs. (VIV,.)? for the range of ¢,
values are presented in Figure 5. Guidelines are shown to
illustrate the deviation from linearity. The results clearly show
that as ¢, approaches ¢,,,, and D(¢,) increases, the filtration
curves have shorter formation times and longer compression
times, proving that the filtration theory can generate the non-
traditional behavior under appropriate conditions without any
extra interpretation of the forces involved.
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Figure 6. Plot of D(¢) showing ¢, and the range of ¢,
values used for modeling variable applied
pressure.

Variable applied pressure

The other operating variable that has an effect on the relative
cake formation time is the applied pressure. A plot of D(¢), ¢,
= 0.10 v/v, and AP = {63, 124, 215, 342, 511, 728} kPa is
presented in Figure 6—the applied pressures correspond to ¢.,
= {0.40, 0.50, 0.60, 0.70, 0.80, 0.90} v/v. As with the case for
variable ¢, the ¢.. values are chosen arbitrarily to sample
different portions of the D(¢) curve, with D, from close to
D, to less than D(¢,).

The filtration predictions for variable applied pressure are
shown in Figure 7. The results show that, as with the variable
¢, case, relatively short formation times are also dependent on
AP. Thus, a material that exhibits traditional filtration behavior
at low pressures may become increasingly nontraditional as the
pressure increases.

In general, for the model to give predictions with short
formation times and long compression times, D(¢) decreases

e
©
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o
»

Fraction of Filtration Time, t/t;
o
N

0 s~ PR Lo
0 0.2 0.4 0.6 0.8 1

(Fraction of Total Volume)?, (V/V )

Figure 7. Finite-difference modeling predictions of con-
stant pressure filtration for ¢, = 0.10 v/v with
varying applied pressure.
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from ¢, to ¢... This is attributed to high compressibility over
the solids range, such that D(¢) has a weak dependency on
dP(¢)/dd and a strong dependency on R(¢). Sludges with
deformable, rearrangeable structures that contain high molec-
ular weight and crosslinked biomolecules fit this description.

The finite-difference numerical solution is used for the above
predictions instead of the linear approximation because the
latter does not apply for ¢* values < ¢p,. There is also a region
as ¢* decreases toward ¢, where 7, is underestimated. This is
illustrated in Figure 8, which shows a comparison of the
predictions from the two methods for ¢, = 0.1 v/v, where,
even though ¢* > ¢,, the linear approximation predicts an
earlier cake compression.

The linear approximation is useful, however, for providing
insight into the conditions required for relatively short forma-
tion times because nontraditional behavior is expected when
d* < ¢,. A plot of ¢* calculated from Eq. 19 as a function of
¢, for a range of applied pressures (see Figure 9) shows that,
at constant initial concentrations, ¢* decreases with increasing
pressure—thus higher pressures will be expected to show

shorter relative formation times. For ¢, = 0.10 v/v, ¢* = ¢,
when ¢,, = 0.621 v/v. At constant pressure with ¢,, = 0.60
v/v, ¢* increases slowly with increasing ¢, until ¢p* = ¢, =

0.120 v/v. Thus, the trends observed are the same as those
given by the full numerical solution.

Conclusions

The solid-liquid separation theory of constant pressure fil-
tration is solved using a finite-difference method and is shown
to exhibit short formation times and long compression times
when D(¢) decreases over the volume fraction range of inter-
est. Rather than belonging just to a class of materials, such
behavior is dependent on both the material properties and the
operating conditions. The physical interpretation of this result
is that materials that have deformable, rearrangeable structures
will exhibit nontraditional constant pressure filtration behavior
at high pressures and/or high initial concentrations. Signifi-
cantly, no extra forces were invoked. Provided that the correct
dewatering properties are obtained, the theory can predict non-
traditional behavior—the challenge is now to more accurately

60000 — ;
50000 | Finite Difference Method
= = = Linear Approximation ' j
__ 40000 | K
2 [ '
e [ l'
& 30000 | -
£ i .
= 20000 | .
10000 | >
r “ 1
0 1 L n n L n n L n n n L 1
0 0.0004 0.0008 0.0012

(Specific Filtrate Volume)?, V2 (m?)

Figure 8. Linear approximation and finite-difference
predictions for ¢, = 0.6 v/v and ¢, = 0.1 v/v.
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determine these properties given that permeability and com-
pressibility information is difficult to extract.
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Notation

D(¢) = solids diffusivity
D, = solids diffusivity at ¢.,
d,, d,, dy = diffusivity parameters
e(w, T) = void ratio
f = stopping fraction
h(t) = piston height
hy = initial piston height
H(T) = scaled piston height
P(¢) = compressive yield stress
P1, P> = compressibility parameters
R(¢) = hindered settling function
R,, = membrane resistance
r = finite-difference stability and convergence factor
ry, r, = permeability parameters
t = filtration time
t; = time of filtration to stopping fraction
T = scaled filtration time
T. = scaled time to cake compression
V(1) = specific filtrate volume
V.. = equilibrium specific filtrate volume
w = material coordinate
z = length coordinate
z.(t) = cake height
Z = scaled length coordinate

Greek letters
A(e) = scaled solids diffusivity (implicit)

8(e) = scaled solids diffusivity (explicit)
AP = applied pressure

¢(z, 1) = local solids volume fraction
¢, = initial solids volume fraction
¢., = equilibrium solids volume fraction
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¢, = gel point volume fraction
¢* = linear approximation effective gel point
(¢p) = average solids volume fraction
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